Abstract. It has been suggested in 1999 that a certain volume growth condition for geodesically complete Riemannian manifolds might imply that the manifold is stochastically complete. This is motivated by a large class of examples and by a known analogous criterion for recurrence of Brownian motion. We show that the suggested implication is not true in general. We also give counter-examples to a converse implication.
Introduction
Let M be a geodesically complete connected Riemannian manifold. The LaplaceBeltrami operator ∆ = div • grad acting on C ∞ c (M ), the space of smooth functions with compact support, is symmetric with respect to the L 2 -scalar product. It is well-known that ∆ is essentially self-adjoint in the Hilbert space L 2 (M ), see e.g. [1, Thm. 5.2.3]. We denote its unique extension again by ∆. By functional calculus we can form e t∆ , a bounded self-adjoint operator on L The heat kernel has the following stochastic interpretation. For x ∈ M and U ⊂ M open, U p(t, x, y) dy is the probability that a random path emanating from x lies in U at time t. Thus if we have strict inequality in (1), then there is a positive probability that a random path will reach infinity in finite time t. This motivates the following Definition 1.1. A geodesically complete connected Riemannian manifold is called stochastically complete if M p(t, x, y) dy = 1 for some (or equivalently all) t > 0 and x ∈ M .
The concept of stochastic completeness can also be considered for geodesically incomplete manifolds but we will not need this. Various sufficient geometric criteria for stochastic completeness of geodesically complete manifolds are known. Yau [8, Cor. 2] showed that if the Ricci curvature is bounded from below, then M has no non-zero bounded eigenfunctions of ∆ for eigenvalues λ ≫ 0. By [4, Thm. 6.2, Crit. 3] this shows that M is stochastically complete. Grigor'yan [4, Thm. 9.1] has a very nice criterion in terms of volume growth. For any x ∈ M denote the closed ball of radius r > 0 about x by B(x, r). We write V (x, r) := vol(B(x, r)) and S(x, r) := area(∂B(x, r)). Here vol denotes the ndimensional volume and area the (n − 1)-dimensional volume. Now Grigor'yan's criterion says that if
for some x ∈ M , then M is stochastically complete. Note that this criterion can be applied if V (x, r) ≤ exp(C · r 2 ) for some C > 0 and all r ≥ r 0 . There is a particularly simple class of spherically symmetric manifolds for which one can study geometric properties of stochastically complete manifolds rather explicitly. They are sometimes called "model manifolds" in this context and they arise as follows. Let f : [0, ∞) → R be a smooth function such that f (0) = 0, f ′ (0) = 1, and f (t) > 0 for t > 0. Then we call R n equipped with the metric g = dr 2 + f (r) 2 g S n−1 a model manifold. Here r = |x| is the distance from the origin o ∈ R n and g S n−1 is the standard metric of S n−1 . For example, Euclidean space and hyperbolic space are model manifolds with f (r) = r and f (r) = sinh(r) respectively. It is not too hard to show [4, Prop. 3.2] that a model manifold is stochastically complete if and only if 
S(x, r) dr = ∞.
for some x ∈ M is sufficient for stochastic completeness. Sometimes this is formulated as a conjecture [7, Remark on p. 40]. The main result of the present paper is the construction of counter-examples to this conjecture. Theorem 1.3. In any dimension n ≥ 2 there exists a geodesically complete but stochastically incomplete connected Riemannian manifold M such that for some x ∈ M the volume growth condition (3) holds.
Thus the analog to the result of Lyons, Sullivan, and Grigor'yan for stochastic completeness does not hold.
The weak Omori-Yau maximum principle
As a useful tool we recall the weak Omori-Yau maximum principle. It says that for each u ∈ C 2 (M ) with u
It is a theorem by Pigola, Rigoli and Setti [6] , [7, Thm. 3.1] that the validity of the weak Omori-Yau maximum principle is equivalent to M being stochastically complete. In other words, a stochastically incomplete manifold is characterized by the existence of a function u ∈ C 2 (M ) with u * := sup M u < ∞ such that for any sequence x k ∈ M satisfying (4) we have (6) lim sup
We will call such a function WOYMP-violating. It is clear from the definition that if u is WOYMP-violating and v ∈ C 2 (M ) coincides with u outside a compact subset K ⊂ M and v < u * on K, then v is WOYMP-violating as well.
for r ≥ 1 be as in Example 1.2 with α > 2. We know that the corresponding model manifold is stochastically incomplete. To exhibit a WOYMP-violating function choose β > 0 such that α − β > 2. Now let u be a smooth function on the model manifold depending on r only such that u(r) = 1 − r −β for r ≥ R 1 and u < 1 everywhere. Then u * = 1. On a model manifold the Laplace operator takes the form
where ∆ S is the Laplace-Beltrami operator on the standard sphere S n−1 . Hence
This goes to ∞ as r → ∞. Since for any sequence r k such that u(r k ) → 1 we must have r k → ∞ we see that u is WOYMP-violating.
Stochastic completeness and connected sums
Our examples will be constructed as connected sums. Hence we have first to examine to what extent stochastic completeness is preserved under this operation.
Lemma 3.1. Let M 1 and M 2 be geodesically complete Riemannian manifolds of equal dimension.
Then M 1 ♯M 2 is stochastically complete if and only if M 1 and M 2 are stochastically complete.
Proof. Suppose that M 1 is stochastically incomplete. Then there exists a WOYMPviolating function u ∈ C 2 (M 1 ). By adding a constant if necessary we can w.l.o.g. assume that u
coincides with u outside a compact set and v < u * on this compact set. Thus v is WOYMP-violating as well. Since v vanishes on K 1 we can extend it by zero and regard it as a function on M 1 ♯M 2 . Thus we have a WOYMP-violating function on the connected sum which shows that M 1 ♯M 2 is stochastically incomplete. Conversely, let M 1 ♯M 2 be stochastically incomplete. Let u ∈ C 2 (M 1 ♯M 2 ) be a WOYMP-violating function and assume again that 0 < u 
is λ-massive and therefore stochastically incomplete. The converse implication is proved similarly.
Construction of the counter-example
To construct the counter-examples and prove Theorem 1.3 we pick a geodesically complete but stochastically incomplete Riemannian manifold M 1 . Specifically, we may take a model manifold as in Example 1.2 with α > 2. To prepare for the connected sum we fix a compact subset K 1 ⊂ M 1 with non-empty interior and remove a small open ball from the interior of K 1 . We obtain a manifold M 1 with boundary diffeomorphic to S n−1 . After a deformation of the Riemannian metric inside K 1 we can assume that near the boundary the metric is of product form dr 2 + C 
Then F is a monotonically increasing function. Next we choose a smooth function
• S is constant on all intervals [k + Let M 2 be the manifold [0, ∞)×S n−1 with the Riemannian metric dr 2 +f (r) 2 ·g S n−1 . Then M 2 is a manifold with boundary diffeomeomorphic to S n−1 such that the diameter of ∂ M 2 is 1/8. Furthermore, for all r ≥ 1,
M2 (q 2 , r)) and S 2 (r) := area(∂B c M2 (q 2 , r)). By the triangle inequality we have for all r ≥ 1
and hence
Now we glue M 1 and M 2 along the boundary such that q 1 and q 2 get identified to one point q. This yields a smooth and geodesically complete Riemannian metric on M = M 1 ♯M 2 . Since M 1 is stochastically incomplete, so is M by Lemma 3.1. It remains to show that
For this purpose we estimate
By the Cauchy-Schwarz inequality we find 
Plugging this into (8) yields
Summation over k gives
as desired. This concludes the construction of the counter-example and the proof of Theorem 1.3.
Concluding remarks
Remark 5.1. The examples constructed in the previous section have (at least) two ends. One may ask whether or not one can find examples with only one topological end. 1 Indeed, this is possible. One starts with an example M = M 1 ♯M 2 with two ends as constructed above. Let u ∈ C 2 (M ) be a WOYMP-violating function vanishing on the second end M 2 and such that 0 < u * < ∞ as constructed in the proof of Lemma 3.1. Choose a sequence of points x k ∈ M 1 in the first end of M satisfying (4) and (6) . Then r k := d(q, x k ) → ∞ as k → ∞. Now pick a monotonically increasing sequence of numbers R j > 0 such that R j → ∞ as j → ∞ and r k = R j for all k and j. We choose ε j > 0 so small that the intervals (R j − ε j , R j + ε j ) are pairwise disjoint, such that r k ∈ (R j − ε j , R j + ε j ) for all k and j and such that
The minimal geodesics from q to {x
The complement is a non-empty open "wedge" whose boundary intersects {x ∈ M 1 | d(q, x) = R j + ε j } at a point opposite to q on S n−1 .
Fig. 3
Choose points y j ∈ M 1 with d(q, y j ) = R j and δ j ∈ (0, ε j /2) so small that B(y j , δ j ) is contained in this wedge. Moreover choose z j ∈ M 2 with d(q, z j ) = R j . We remove the balls B(y j , δ j ) and B(z j , δ j ) from M and glue in handles H j diffeomorphic to S n−1 × [0, 1]. We denote the resulting manifold by M . The handles connect the two ends of M outside each compact set so that M has only one topological end. We choose the metric on the handles H j such that vol(H j ) = vol(B(y j , δ j )) + vol(B(z j , δ j )), such that minimal geodesics through H j joining two points on ∂B(y j , δ j ) (or two points on ∂B(z j , δ j )) are no shorter than those through B(y j , δ j ) (or B(z j , δ j ) resp.) and such that we obtain a smooth metric on M . To see that such metrics exist on H j we first look at the case that B(y j , δ j ) and B(z j , δ j ) are isometric to Euclidean balls. Then the metric can be chosen such that H j is a cylinder flattened near the two boundary components. The flattening ensures that the metric extends smoothly to M , the height of the cylinder can be chosen such that the volume is right and the condition on the length of geodesics is also fulfilled.
This construction is robust under slight perturbations of the metrics. Hence, in the general case of curved balls B(y j , δ j ) and B(z j , δ j ) we choose δ j so small that the balls are sufficiently close to Euclidean balls so that the same construction still works. With these choices we have V (q, r) = V (q, r) and S(q, r) = S(q, r) for all r > 0 not lying in any of the intervals [R j − ε j , R j + ε j ]. Here V and S denote the volumes of the balls and of their boundaries in M . Therefore, by (9),
S(q, r) dr
V (q, r) S(q, r) dr
In order to see that M is stochastically incomplete, we construct a WOYMPviolating function v ∈ C 2 ( M ). We choose a cut-off function χ ∈ C ∞ (M ) with 0 ≤ χ ≤ 1 everywhere, χ ≡ 1 outside the pairwise disjoint balls B(y j , ε j /2), and χ j ≡ 0 on the smaller balls B(y j , δ j ). Put v := χ · u ∈ C 2 (M ). Since v ≤ u * everywhere and v = u on neighborhoods of the x k we see that v is WOYMPviolating. We restrict v to M minus the δ j -balls and extend it by zero over the handles. This yields a WOYMP-violating function v on M . S(x, r) dr < ∞ for some x ∈ M implies stochastic incompleteness. But this is false too as we will demonstrate by a counter-example. We start the construction with a modification of [4, Ex. 7.3] . Choose positive smooth functions S 1 , S 2 : (0, ∞) → R with the following properties:
Let M 1 and M 2 be the corresponding 2-dimensional model manifolds with warping functions f j (r) = S j (r)/2π. Then S 1 (r) = S(o, r) in M 1 and similarly for M 2 . Properties (P3) and (P4) imply
hence Brownian motion is recurrent. In particular, M 1 and M 2 are stochastically complete and, by Lemma 3.1, so is the connected sum
To construct the metric on the connected sum M 1 ♯M 2 we observe that by Property (P1) the unit disk about o in M j is isometric to the unit disk in Euclidean R 2 . We choose a point p j at distance 1 2 from o and remove the interior of the disk B(p j , 1/10) from M j . We obtain a manifold M j with boundary diffeomorphic to S 1 . We change the metric on B(p j , 2/10) such that it becomes a product metric near the boundary, the volume of the unit disk B(o, 1) after removal of the small disk and modification of the metric is the same as before, and that distances from o to points in B(o, 1) \ B(p j , 2/10) are not smaller after modification than they are before. Since the disk B(p j , 2/10) on which all modifications were performed is entirely contained in a half-plane with boundary containing o, the distance spheres from o in M j and in M j coincide on at least one hemi-sphere. Where they differ ∂B Thus we have constructed a 2-dimensional stochastically complete connected manifold such that (10) holds. In fact, the manifold has recurrent Brownian motion even. An easy modification of this construction yields such examples also in dimensions n ≥ 3.
